A single regular analytic arc in the plane has no conformai differential invariants. The conformai theory of curvilinear angles was initiated by Kasner, 1 and has been elaborated by him and others. The present paper is concerned with conformai differential invariants of a real one-parameter family of regular analytic arcs in the plane. We assume that the family is defined in some region R of the (x, y)-pla.ne by an equation of the form: u(x, y)= constant, where u is a singlevalued function which satisfies the conditions: (1) u is analytic in the region R, (2) u assumes real values for real values of x and y, (3) ul+ul does not vanish in R. By a conformai transformation we shall mean a real conformai transformation, nonsingular in R. Our principal results are : When a family u -c is transformed conformally into a family U = c, the parameters of the two families being the same, the quantity A = (u xx +Uyy)/(ul+u y ), and certain conformally invariant derivatives of A are unaltered. There exist rational functions of A and these derivatives which are independent of the parameter in terms of which the family u = constant is expressed. We obtain a geometric interpretation of the invariants and apply the results to a generalization of isothermal families.
The invariants. Let U(X,
Y
The family U(X, Y) =c is transformed into u(x, y)=c where u(x, y) = U[X(x, y), Y(x, y)].
By differentiating this last identity we obtain : Differentiating the first of (1.3) with respect to x and the second with respect to y, and making use of (1.2) we obtain Let Q(X, Y) be a differentiate function defined in a region R' of the (X, F)-plane, C' any arc with continuous tangent in R'. Let dQ/dS denote the directional derivative of Q along C' at some point P'. Let C and P be the images of C' and P' under the mapping (1.1), and suppose that under the mapping we have Q [X(x, y) It is to be noted that the quantities (1.9) are expressed in terms of a particular parameter, and are not independent of changes of parameter. For isothermal families, Aand its derivatives in (1.9) vanish identically when the parameter is suitably chosen. For other families we have this theorem. THEOREM 2. For non-isothermal families, there exist rational f unctions of the quantities (1.9) which are independent of the parameter in terms of which the family is expressed.
To establish this theorem we note first of all that since U 2 x -\-Uy^O by hypothesis, X, Y may be expressed in terms of £/, V where V = k gives the orthogonal trajectories of U = c. We have
where Suppose now that the parameter of a non-isothermal family is changed by means of the equation U = h(U). Then if we denote by A(P') the value of A at a point P' we have (1.11) M(P') = -(log </ >) + A(P'), au where <ƒ> = dh/d U and the bar refers to the parameter U. With a point P'(U, V) we may associate a second point Pi on the same curve U = Co as follows. Let V = k 0 be some fixed orthogonal trajectory cutting every curve U = c in the region R'; then Pi is the point (£/, k 0 ).
From (1.10) we obtain 
so that M is a second such function. Now from (1.12),A(P')-A(Po ) is one function of the type L above. Hence for each of the derivatives in (1.9) we can obtain a function rational in it and the lower derivatives which satisfies a relation of the type (1.15). The function <j> in (1.15) can be eliminated as follows. We have seen that
where the integral is taken along a curve U = c 0 , is invariant. Clearly
This completes the proof. Using a standard formula for the geodetic curvature of a curve u -c in 2 we obtain 2 (2.4) -= (log-) .
By virtue of (1.10) this is equivalent to (2.5) -= (log-) =A. 
(X, Y) = C, V(X, Y) -K form a second such net. If n(u, v) is an integrating f actor of -Uydx+u x dy = 0, then a necessary and sufficient condition f or the conformai equivalence of the f amities u = c, U = C is that there exist parameters U=F(77), V=G(V) such that -UydX+ UxdY = 0 admits an integrating factor of the form n(U, F).
The reciprocal relationship between a family and its associated surface is given by this next theorem : The first part of the theorem is an immediate consequence of equation (2.3). Now suppose u(x, y) = c is a family in the plane, with orthogonal trajectories v(x, y)=k. Let S be a real surface which can be mapped conformally onto the plane so that a system of its geodesies v = b go over into the family v -h. We may take on S a system of geodesic parameters consisting of v = b and their orthogonal trajectories, ü = a, and the linear element of 2 takes the form dû 2 +f (#, v)dv 2 . The conformai correspondence between 2 and the plane may be written v=f (v), ü=g(u) . But these equations define a change of parameters in the (x, ;y)-plane, so that if we change the parameters of the families u=c and v = k in accordance with these equations we have dx 2 +dy 2 =£ (ü, v) [dü 2 +C(ü, v) dv 2 ]. Because of (2.2) 
(3.2) (x + F )+(F + -) -!+(-)+(-).
From Theorem 7 it follows that the parameter of the orthogonal trajectories of the circles (3.2) can be so chosen that the associated surface for these trajectories is isometric with 2. This proves the first part of Theorem 9. Suppose, conversely, that we are given a spherical family u = c, referred to a parameter such that K-1, then 2 is the associated surface. By Theorem 7 the orthogonal trajectories of u = c are conformai images of a family of geodesies of 2. As before we may map 2 conformally on the (X, Y) -plane so that its geodesies go over into the circles (3.2). This mapping clearly induces a conformai correspondence between the (x, ^)-plane and the (X, F)-plane so that the orthogonal trajectories of u = c go over into the circles (3.2). This completes the proof. The proofs of the two remaining theorems are entirely analogous.
COLUMBIA UNIVERSITY
